CHAPTER 6

RELATED RATE
PROBLEMS

Do lRNeed You should read this chapter if you need to review or you need to learn about
o Reaq

A Chapfe’-’ Q Find related rates through implicit differentiation
q Solve distance-related rates

Q Related rates for moving bodies

q Geometric-related rates

Q Area-related rates

q Volume-related rates

95

Copyright © 2007 by The McGraw-Hill Companies, Inc. Click here for terms of use.



96

CALCULUS FOR THE UTTERLY CONFUSED

Related rate problems relate one rate, written as a derivative, to another rate writ-
ten as a derivative. An excellent example of a related rate problem, and one that is
in nearly every calculus book including this one, is a ladder sliding down a wall. (See
Fig. 6-1.) The top of the ladder is moving down the wall while the bottom of the lad-
der is moving away from the wall. The rate (speed) the top is moving down the wall
can be related to the rate (speed) the bottom is moving away from the wall. This
problem illustrates well the name of these problems; related rate problems.

A little review is in order. Related rate problems are similar to problems involving
implicit differentiation. Equations in the form y = f(x) suchasy = x> + 2x — 3
are differentiated term by term according to the rules for differentiating polyno-
mials, products, quotients, or whatever. Equations where the x’s and y’s are mixed
together so the equation cannot be written as y = f(x) or x = f(y) (an x alone or
a y alone on one side of the equation) are differentiated implicitly.

For example, the equation 2xy?> + xy* = 0 must be differentiated implicitly as
2y%dx + 4xydy + 3xy*dy + y’dx = 0
with dy/dx formed by grouping and rearranging.

If x and y could both change over time then a related rate associated differen-
tiation of this equation would be

dx dy dy dx
2 4X =7 2 27 34X _
Zydt+4xydt+3xy dt+ydt 0
. dx . . dy
In this statement, s directly related to U

dx dy dx _ _4xy + 3xy* dy

2 HNaxX _ e ax _ _ el

@+ ¥ g =~y + 3079, at” T 2ty di
This is an example of a related rate differentiation. Now take a look at perhaps
not the simplest related rate problem, but possibly the simplest to visualize.
Notice how this problem is written. The general situation is described, then a

rate is specified and the related rate is requested for a certain condition.

Example 6-1 A 7-m-long ladder is sliding down a wall. The bottom of the
ladder is pulled from the wall at 1.5 m/s. What is the rate at which the top of the
ladder is going down when the bottom is 3m from the wall?

Solution: Help to visualize the problem by sketching a ladder leaning against a
wall with the bottom being pulled out from the wall at dx/dt = 1.5m/s (Fig. 6-1).
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The question, written in mathematical
language, is: “What is dy/dt when
x = 3m and dx/dt = 1.5m/s?”

In max-min problems the defining equa-
tion is a mathematical statement of the
problem. In related rate problems the
defining equation is sometimes a little
more obscure, actually sometimes a lot
more obscure! Look at the ladder in the
graphic and think of a way to relate x to
y. Don’t start by trying to write the dx/dt
and dy/dt. The rates come out of the
differentiation.

Fig. 6-1

Quick Tip

The hardest part of related rate problems is to see, and then write down, a rela-
tionship between the variables. Writing this defining equation that ties the vari-
ables together is the key step in related rate problems.

In this problem the Pythagorean theorem for a right triangle relates x and y.

The defining equation is x?> + y> = 7? and taking % we write

dx 5 4 _ dy _ xdx
P T =0 U T
Now the numbers can be put in the equation to find dy/dt when dx/dt = 1.5m/s
and x = 3m. What about the y in the denominator? The y can be determined
from the Pythagorean relation y = V72 — 3% = 6.3. With these numbers, dy/dt
is calculated as
dy _ xdx _ 3 _
B va~ ea (1.5m/s) = —0.71m/s
The top of the ladder is coming down the wall at 0.71 m/s when the bottom of
the ladder is 3 m away from the wall and moving at 1.5 m/s.
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Example 6-2 A girl is flying a kite. The kite is moving horizontally at a height
of 120ft when 250ft of string is out and the rate of increase in string length is
2ft/s. How fast is the kite moving in the x-direction for these conditions?

Solution: Visualize the problem and
set up a right triangle with the height,
horizontal direction, and string. In this
problem the kite only moves horizon-
tally, and the string is straight—
idealized—but the conditions make
for a problem that can be solved.

120 ft

Referring to Fig. 6-2, the problem
question can be written in mathemat-
ical terms as:

Fig. 6-2

. dx ds _ .
What is di’ when i 2, the height

of the kite is 120ft, and the distance out is 250 ft?

Go back over the problem statement and practice changing the problem state-
ment into this mathematical statement. One of the more challenging parts of
any calculus problem is translating the words into mathematical statements.

The Pythagorean theorem relates the variables x and s in the right triangle:

1202 + x2 = %

d dx _ . ds _dx _ sds L
Take i to get 2x 7 2s 5 a T X ar The ds/dt rate (2ft/s) is given in the
problem as is the height (120ft) and the distance out (250ft). The x value for

these conditions can be calculated from the Pythagorean theorem:

x2 =452 —1202 or x = V250% — 120% = 219

Now the numbers can be put into the formula for dx/dt:

dx _ s ds _ 250ft _
PR T (2ft/s) = 2.3ft/s

When the kite is 250t away from the girl, at a height of 120ft, and the string is
going out at 2 ft/s, the kite is moving 2.3 ft/s horizontally.
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These first two problems have utilized the Pythagorean theorem as their defin-
ing or “getting started” equation. Related rate problems use a variety of defin-
ing statements to tie the variables together. As you go through this chapter be
aware of the various techniques for relating the variables. If you see a related
rate problem on a test that can be analyzed with the Pythagorean theorem, you
will know how to do that problem.

This next problem uses the Pythagorean theorem but it has another little twist.
The information for the problem is given primarily in terms of rates, and the
solution involves three different rates.

Example 6-3 Two ships are traveling at right angles. The first ship, traveling
at 8 m/s, crosses the path of the second ship when it is 1000 m away (from the
point where the paths cross) and/traveling at 6 m/s. What are their positions,
separation, and rate of separatiq ter their paths cross?

Solution: Diagram the problem on an x-y coordinate system with the first ship
going in the y-direction and the second ship going in the x-direction. Figure 6-3
is for t = 0, the time when the ships cross paths. The drawing helps to visualize

the problem. By\

X\%\g@ . \%60 1000 m

‘ 3
\5#, O .- (2vat e 230

The position of the first ship at any time ¢ is y = (8 m/s)t. The position of the
second ship at any time ¢is x = 1000 m + (6_m/s)t. The separation of the ships
is from the Pythagorean theorem g = \/x2 + y2.

e

The position of the first ship at 300s is its speed (8 m/s) times the 300
Yoo = (8 m/s)(300s) = 2400 m
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The position of the second ship at 300s is the 1000m plus the 6m/s times the
300s

Xl300 = 1000 m + (6 m/s)(300s) = (1000 + 1800) m = 2800 m
—_—

The separation of the ships is a straight Pythagorean theorem problem.

= V2400° + 2800° = 3688 m -

The rate at which they are separating is the fun, that is to say calculus, part of
the problem. The rate at which they are separating is, in calculus talk, ds/dt, and
we already have the dx/dt and dy/dt. Start with the separation written in
Pythagorean theorem form s = (x*> + y?)!? and differentiate, carefully.

Writing \

o\ o 99

2§ ﬂ l(m‘{’ ﬂ ds :g; + y2)—1/2d(x2 + y2)

_%88-

as the first step will help to prevent errors with (1/2)s and the minus signs.
Continuing, ds = 2()c2 + y2)" 12 2xdx + 2ydy) and ﬁnally
V6 xR i‘(/ﬂ’ ( 8
9 ( 9_?0‘0 ds _ 1 +
- 2+ e\t dt

This rate of separation is to be evaluated at t = 300s (Fig. 6-4).

ds om
dt o 3688 [(2800m)(6m/s) + (2400m)(8 m/s)] = 9.8 %
2400 m y
A
dr ~ =300

X
-

dcx _ ., m

2800 m E_6T

Fig. 6-4
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Remember

*

These next two problems utilize similar triangles to write the defining equation
for the problem. The first problem, concerning the rate a shadow of something
is moving, is in nearly every calculus book. The following problem concerning a
conical-shaped container is also in nearly every calculus book in one form or
another. If you know how to use similar triangles to “get started” on a problem
you will have mastered yet another category of related rate problems.

Example 6-4 A 3-ft tall penguin (Penny) is taking a leisurely stroll at 0.5 ft/s
away from a 12-ft tall penguin way light. What is the length of her shadow
and how fast is the tip of her shadow moving when she is 40 ft away from the
ight?

Solution: When you see a triangle in a related rate problem look for similar
triangles. Don'’t start the problem looking for derivatives. Concentrate on the
defining equation for the problem. The derivatives come later.

Your first order of business in a related rate problem is to find relationships
between the variables. In this problem set up the triangle, complete with known
numbers, and then label some of the distances. The change in length of the
hypotenuse of this triangle is not what we are looking for. It is lengths along the
ground: the length from the light to Penny and the length of her shadow. Take x
as the length from beneath the light to Penny, and z as the length from beneath
the light to the end of her shadow. The length of her shadow is z — x. Draw this
triangle (refer to Figs. 6-5 and 6-6).

[ T
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12

Notice that the triangle with sides z — x and 3 is similar to the triangle with sides
z and 12. Similar triangles are triangles with the same angles and their sides in
proportion. This means that the ratios of the sides are equal.

Z-x_ 2z
3 12

Eliminating the fraction, 12z — 12x = 3z or 9z = 12x or 3z = 4x, produces a
simple relationship between x and z. The related derivative rates are

dz _ 4dx
dt 3 de

Notice that x and z don’t enter into the rate relationship. Penny is moving at

so the tip of her shadow is moving at

dz _4dx _ 4 sft) _ ot
=3 —3<o.55>—0.67S

Since Penny is walking away from the light at 0.5 ft/s and the tip of her shadow is
growing at 0.67 ft/s her shadow is getting longer as she moves away from the light.

As an exercise, go to a desk or table with a lamp. Place a pencil near the lamp
and observe the length of the shadow. The pencil should be a foot or so from
the light and perhaps slightly tilted. Now move the pencil away from the light
and observe the shadow. The shadow will grow and the tip of the shadow will
move faster than the pencil.
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Example 6-5 A conical container of base radius 5ft and height 10ft is being
filled with sand at the rate of 2 ft})min. How fast is the level of the sand rising
when it is 6 ft above the apex of the conical container? (See Fig. 6-7.)

r=>5ft 5

h=10 ft X
10

Fig. 6-7

Solution: The formula for the volume of a cone is, from the Mathematical
Tables in the back of the book, V = (1/3)mr?h.

The dimensions defining the cone are given in the problem so calculating the
total volume of the container is not a problem.

Sketch the cone, and next to the cone sketch the profile of the entire cone
and a partially filled cone with radius x and height y. This is another similar
triangles problem! The radius to height ratio is the same for any radius and
depth. In this case the similar triangles are the ones with sides x and y, and 5
and 10.

The similar triangle statement is % = % or x = X. The question “How fast is
the level of the sand rising . . .?” means, what is dy/dt? Knowing dV/dt and
requiring dy/dt, we need to write V in terms of y only. Time derivatives of V in

terms of y will produce a relation between dV/dt and dy/dt.

Substitute in the V equation:

N SN U A S
V—37TX —37T<2>y—12y.



104

CALCULUS FOR THE UTTERLY CONFUSED

And taking derivatives produces

v _m 4 & _ 4 adv

e — &Y ar " dt T w2 ar
Adding numbers for y = 6ft,

dy_4dv_4< ft3>

_ _ft
dt  m? dt (36f)m 2 = 007t

min min’

At a depth of 6ft the sand is rising at 0.071 ft/min.

Another category of related rate problems involves increasing or decreasing
area, volume, radius of a sphere, or some other geometric property. These next
two problems involve geometry. In general, geometry problems are not overly
difficult, usually involving just one equation.

Example 6-6 A circular oil slick is forming in such a dr
way that the radius of the slick is increasing at a con- ar
stant rate of 12 ft/hr. What will be the rate of area
increase when the slick has radius 300ft? (See Fig. 6-8.)

Solution: The area is related to the radius by A = 772
(see the Mathematical Tables). The rate of A and the

rate of r are directly available from this one equation. Fig. 6-8
dA _ . dr
dt dt

Using the numbers given in the problem

aA| _, dr_
dt [300 dt

ft) _ ft?
2 (300ft)(12E) = 226001
The area of the oil slick is increasing at 22,600 ft*hr when the radius is 300 ft.

Example 6-7 The deployment of the safety air bags in automobiles is very
much like blowing up a balloon. If the air bag expands under a volume change
of 10,000 cm?/s, what is the radial change when the bag has 5 cm radius and 10 cm
radius? What is the significance of your result?

Solution: The volume of the bag is

V=xm

W[
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The rate relations are

dV_47T<32dr> dr 1 dv

dar 3"\ dt 4 dt

Now put in the numbers for the 5 cm and 10 cm radii.

dr| _ 1 cm® _ ,,cm

0i)s = G5 oy (00005 = 325
_ 1 m’ _ gcm

i, 40 e D

Doubling your distance from the air bag decreases its speed when it hits you by
one-fourth. Conclusion: Sit as far away from the air bag as you can!

Example 6-8 An obstruction in an artery is to be removed by inflating a
spherical balloon in the artery. The rate of increase of the radius of the balloon
must be limited to 1 mm/min when the radius is 4 mm. What is the maximum
volume rate increase, the rate at which oxygen is pumped into the balloon, cor-
responding to this radius rate increase? (See Fig. 6-9.)

Oxygen in
Fig. 6-9

Solution: The volume of a sphere is V = (4/3)7r® (see the Mathematical
Tables).

Again, the rate relations are immediately available from this equation for the
volume of a sphere.
dv 2 dr

A
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Evaluating at r = 4 mm and dr _ ]
dt min

av
dt

3
= 47T(4Inm)2<1mm> = 2011
4 min min

The maximum rate that the balloon can be filled at the 4 mm radius is
201 mm?/min.

These last two problems are illustrative of problems where the formulas are
given to you. In most of these types of problems, differentiating the formula is
the challenge.

Example 6-9 When the price of a certain product is p dollars per unit, cus-
tomer demand is x hundreds of units (per month). The relation between p and
xis x* + 2px + 0.5p? = 80. When the price is $4.00 and dropping at the rate of
$0.25 per month, what is the rate of increase in demand?

Solution: This equation requires an implicit type of differentiation to find
dp/dt, the rate of price change, and dx/dt, the rate of demand change.

de o dx o, 40 dp dx dap _
Zxdt+2pdt+2xdt+pdt_0 or (2x+2p)dt+(2x+p)dt—0

de _ 2x+pdp

or dr —  2x +2p dt

The rate of price change, dp/dt, is given in the problem as is p, the price.
The demand rate, x, is not given and must be computed from the original
equation. Substituting for p = 4 (p = $4.00) in x> + 2px + 0.5p? = 80 yields
x? + 8x + 8 = 80 or x? + 8x — 72 = 0. The quadratic formula produces two
answers. The positive 5.4 is the realistic one.

-8+ V64 — 4(1)(=72) —8 + 188
‘= T = 5 =54,—14.4

With all the needed values, dx/dt can be evaluated. Watch the signs closely.

dx|  2(54) +4 148 B
di|, = 254y +8(702) = 135025 =020
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The demand rate is increasing by 0.20 hundreds of units per month when the price
is $4.00 and dropping at the rate of $0.25 per month. Carrying the units through
this problem is difficult because the constants in the original equation must have
the appropriate units to make each term in the equation have the same units.

Example 6-10 The amount of trash, measured in thousands of pounds, accu-
mulating in a city dump follows the formula 7' = 1.3p?> — 100p + 30, where p is
the population in hundreds of thousands. What is the rate of trash increase when
the population is 200 thousand and increasing by 0.2 thousand (0.1%) per month?

Solution: Relating the rate of trash increase, d7/dt, to the population increase,
dp/dt, comes directly from implicit type differentiation of the expression for the
amount of trash.

dT _ 5o P00 _100%

i 2.6p i 100 p7i (2.6p — 100) a0

The population and the rate of increase in population are given in the problem
so we have

dT

ot = [(2.6)(200) — 100] [0.2 thousand per month]
200

= 84 thousand of pounds per month.

This is also an interesting max-min problem. Take % = (2.6p — 100) and set

2
equal to zero to find p = 38. The second derivative % = 2.6 so the point
p = 38 is a minimum.

The minimum in trash accumulation rate is at 38 thousand people, but at 200
thousand the curve becomes progressively more positive and the trash problem
progressively worse.

Example 6-11 The number of CD players that can be manufactured by a cer-
tain company follows a Cobb-Douglas type of production model, where g, the
production output, depends on the number of workers, n, and the number of
automatic assembly machines, r, according to g = 20n%4 With 20 workers
the company is producing 300 CDs per day and has sufficient revenue to pur-
chase one automatic assembly machine per month. How many workers per
month should be laid off to maintain constant production?
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Solution: The first step in the problem is to perform an implicit differentiation
remembering that g has to remain constant.

0 = 20[n%%(0.4)r=%0dr + r04(0.6)n="4dn]

Now write the rate relationship. This could have been written directly.

n\Sdr _ r\%dn
oa()" "%~ —oe( 5 )"

dn _ _2(n\dr

dt 3\7 Jdt
It takes 20 workers to produce 300 CDs so the number of automatic assembly
machines can be calculated from the original equation.

g =20n"6r04 = 300 = (20)(20)*6 04

s 300 15

- (20)(20)06 2006

15 ps (15>
(20)0.6] - (20)15 =97

[rO4PS = r = [

Now calculate the related rate.

dn _ 2020 )4y — _
= 3< ‘7>(1) 1.4

Adding one automatic assembly machine and releasing 1.4 workers per month
will maintain production.

V Relate the variables in the problem

V Use a diagram if that will help

V Use a variation of implicit differentiation to write the rates

V Calculate specific variable values from the defining equation

PROBLEMS

1. For the equation x*> + y? = 20 find dy/dt when x = 4 and dx/dt = —6.
2. For x> — 2xy + y?> = 0 find dx/dt when y = 2 and dy/dt = 3.
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10.

. A rocket launched vertically is tracked by a camera 200 m horizontally away

from the launch point. What is the vertical speed of the rocket when it is 600
m from the camera with this distance (from the camera) increasing at 80 m/s?

. The cost in dollars per day to produce thumb drives follows

C(x) = 4000 — 12x + 200
duced each day. The present production level is 200 thumb drives per day

where x is the number of thumb drives pro-

and this rate is increasing at 2 per day. How fast is the average cost chang-
ing? Remember that average cost is C(x) over x.

. At a price, p, a manufacturer is willing to supply x number of products

according to the equation x> — xp — p? = 30. What is the rate of supply of
x when p is $9.00 and increasing at $0.20 per week?

. The mass of a raindropis M = p§7rr3 where p is the density of water, 1 g/cm?,

and r is the radius of the drop. At what rate is the radius of a raindrop chang-
ing when it has a radius of 10 mm and is gaining water at the rate of 0.01 g/min?

. An observer with a telescope is observing the approach of an airplane trav-

eling 700 km/hr towards a point directly over the telescope. The airplane
remains at a constant height of 9.0 km. What is the angular rate of change
(in rad/sec) for the telescope when the airplane is 24 km horizontally from
the telescope?

An adiabatic process follows the pressure-volume formula PV'* = C, a
constant. For P = 2 N/m?, V = 0.8 m? and V is increasing at 0.6 m?/s, what
is happening to P.

. The period, the time for one back-and-forth excursion, of a pendulum is

T =27 %,
tion due to gravity equal to 9.8 m/s*. If the length of the pendulum stretches

by 0.01% over 1 year, what is the change in the period?
The Poiseuille’s law for flow through a cylindrical pipe (blood vessel) is:

where L is the length of the pendulum and g is the accelera

v = %(R2 — r?), where v is the velocity, K is a constant equal to 6 1/s, L is

the length of the pipe, R is the radius of the pipe and r is the distance out
from the center line of the pipe. For a 100-cm pipe of radius 0.2 cm, find the
rate that the flow velocity is changing half-way between the center line and
the wall when the pipe is contracting at a rate of 0.0004 cm/s?

ANSWERS

1.

Start with the implicit derivative 2xdx + 2ydy = 0 and proceed to time

d d
derivatives yj); = —x% and to di)t} = —% % Now stop and calculate y for

d
X=4 8+ =20=y=2= %:—%(—6):12'



110

2.

4.

CALCULUS FOR THE UTTERLY CONFUSED

2%—2%—2%+2%—0:(—y)dt—(—y)d Whatever
the values for x and y are, Z); = % SO % =3 .
. Use a diagram. This is a Pythagorean theorem prob-
lem where the variables are from the statement:
x2 + y? = L2 In this problem the x is constant so take L
dy dL __dy LdL Y

the rate derivatives. 2y—- - ZLW T a4

Calculate y when L is 600 m.
200% + y? = 600> = y = 566 Now calculate the verti-

cal speed of the rocket. x=200m
dy _ 600
€U %80 m/s = 85 m/s
L C)

The average cost is C(x) = —— = 4000x~! — 12 + m The rate state-

. dC(x) dx 1 dx 1 4000 |dx

_2 —_— —_ —_— — =
ment is — - = (4000)(—1)x 104 = | 100 2 |dr
1 4000

[100 200? }(2) 0.18

At this point the average cost of producing the thumb drives is dropping at
the rate of $0.18 per day.

dp dx . dp

Write the rate statement: 2x@ Z‘DE = 0. Want to know

ar  Yar " Par

dx —oand P -
i when p = 9 and i 0.20 per week.

dx dx _2p txdp
(Qx —pyg =@p +X)E=>E: X —pdi
Now find x when p = 9. x> — 9x — 81 = 30 This equation is solved by quad-
ratic formula to yield x = 16, so
dx _ 18 + 16 dp
309 @ 1.5(0.20) = 0.30
The manufacturer is willing to supply 0.30 more items per week or roughly
1 more every 3 weeks for these conditions.

aM _ 2dr
dr p3“(3)r g = ey

dr _ 1 g\ em.
dt  4(1 g/lem®)mr(1cm)? (0'01 min> 0.0025 min
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7. This requires a drawing. Referring to the dlagram, d = —700 km/hr and
= 9.0 km. To relate the angle use the tangent function, tanf = % or

9 = xtan@. Take the rate derivatives.

d0 dx
2 ax _
xsec<0—- dr + tan6 d =0
700 km/hr
Y1 9.0 km
0
X
. . o 2 Aqoy A0 o km
When x is 24, the angle is 21°, so 24(sec*21 )E = — tan21°| —700 hr
de  (cos?21°) tan 21° km hr rad
dr 24 km (700)11 QSE 60 min — 016 min
This is roughly 0.3° per min.
8. Take the rate derivatives:
dV dp dP (LHPV gy qp %
042V 144 _ ar _ _\>W2 Y av oar _ _\Y7 adv
PAYVES VI =0 Ve Al dt Vo
Put in the numbers.
dpP _ _(14He N/mz)[ N/m
dt (0.8 m?)
2 dar _ 2w 1 dL
9. Start with 7 = == L2 and take the rate derivative. === ==
\/g dt \/§ 2 dt
The % = (0.0001 L. Put this into the rate equation. % =
2 0. 0001

1 \ﬁ . . —
> \F(O .0001)L = 21t g Notice that this can be written in

8
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terms of the original period. cfi{ = 0.00005 T. Writing this another way is

instructive. Lg = 0.00005dt. This states that the fractional change in the
period is 0.00005 per year.

Write the general rate statement. v _ K(—)ng Now put in the
dt L dt

numbers.

dv 5 6/s

cm _s CIm



